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A B S T R A C T   

The seismic response of gridshell roofs with substructures is strongly influenced by the relative mass and stiffness 
of the roof and substructure, and particularly by how close the periods of the dominant roof and substructure 
modes are. Multistorey substructures may exhibit a significant higher-mode acceleration response, primarily due 
to the contribution of the shorter second translational substructure mode to the roof response. This paper pre-
sents parametric studies conducted on steel gridshell domes with 60, 100 and 150 m spans and six-storey sub-
structures to investigate the interaction between the higher substructure modes and dominant roof modes. The 
contribution of each substructure mode to the overall response was characterised by a newly proposed domi-
nance response ratio. In contrast to previous studies of long-period single-storey substructures, which only 
minimally excited the roof modes, the higher modes of the long-period multistorey substructures investigated in 
this study significantly contributed to the roof response. The roof vertical accelerations were amplified by up to 
three times the substructure roofline acceleration, as the curved roof geometry couples the horizontal sub-
structure and vertical roof response. The substructure higher-mode contribution was quantified using amplifi-
cation factors and developed into equivalent static loads that were found to be in good agreement with response 
spectrum analysis results. The proposed equivalent static loads provide insight into the complex dynamic 
characteristics of gridshell roofs with multistorey substructures and offer an efficient method for preliminary 
seismic design.   

1. Introduction 

Gridshell roofs offer a unique structural topology capable of 
achieving long spans with minimal structural materials. The analysis 
and design of short-span single-layer gridshell roofs is often governed by 
static gravity loads and buckling limit states, which have been widely 
studied in literature [1–4]. However, the dynamic response under 
earthquake actions results from a complex interaction of multiple roof 
and substructure modes and is less well established, but nevertheless 
critical to the design of gridshells in areas of high seismic hazard. Pre-
vious studies of raised single-layer cylindrical gridshells [5,6] have 
indicated that the dynamic characteristics are influenced by the rise-to- 
span ratio, length-to-span ratio and the fundamental anti-symmetric 
mode. 

Extensive non-structural damage to the ceilings and suspended ser-
vices during recent major earthquakes in Japan [7,8] has included 
buckled or fractured lattice members, collapsed ceilings and fractured 

boundary connections, and has rendered school gymnasiums, sports 
facilities and convention centres incapable of fulfilling their intended 
use as emergency post-earthquake shelters [9]. This has been primarily 
attributed to large out-of-plane roof accelerations resulting from hori-
zontal earthquake ground motion, which is amplified up the substruc-
ture and excites the vertical asymmetric modes of curved roofs. 
Extensive non-structural and local structural damage impairs the ability 
of gymnasiums, sports facilities and convention centres to function as 
post-earthquake emergency shelters [8]. In response to this perfor-
mance, researchers have investigated the collapse mechanisms and 
seismic fragility of gridshell domes [10,11]. Nie et al. [12] performed 
incremental dynamic analyses to obtain the seismic fragility curves for 
single-layer reticulated domes and found that failure was primarily 
related to the dynamic strength. Furthermore, the response sensitivity of 
domes has been investigated by Pokusiński et al. [13] and by Zhong 
et al. [14], who concluded that the seismic response was most sensitive 
to the structural damping, yield strength and the ultimate strain. 
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A consequence of the unique dynamic characteristics is that the 
seismic analysis and design of gridshell roofs differ from multistorey 
buildings [15,16], which are the primary focus of most design codes. For 
example, ASCE-7–16 [17], NZS1170.5 [18], Eurocode 8 [19] and the 
Building Standard Law of Japan [20] all prescribe an equivalent lateral 
force method for simple multistorey structures, and use this as a baseline 
for more complex analysis methods. Despite differences between codes, 
each estimate horizontal inertial storey forces from the storey masses, 
fundamental period, assumed vertical distribution and inelastic design 
spectra, which is calculated using a response reduction (R [17], Fh [20]) 
or ductility factor (kμ [18]). Tall or irregular structures may be designed 
using modal response spectrum analysis (RSA) [17–19], but the design 
forces are still limited by the equivalent lateral force method, and higher 
modes are generally assigned the same response reduction factor for 
simplicity. The equivalent lateral force distribution also provides the 
basis for some nonlinear pushover methods [17,20]. However, these 
codes provide minimal commentary on what response reduction factor 
to use for gridshells, where higher modes may generate significant 
excitation, nor is it apparent how equivalent lateral forces developed for 
multistorey buildings should be applied [16,21]. Consequently, RSA is 
often used as the baseline analysis method, as it is the simplest method 
that captures the coupled horizontal substructure-vertical roof response. 
However, RSA requires a high degree of expertise due to the complex, 
closely spaced modes and sensitivity of the substructure-roof interaction 
to the precise modelling assumptions. 

Nevertheless, previous researchers have proposed equivalent static 
forces for single- and double-layered lattice domes with single-storey 
substructures based on the interaction between the fundamental sub-
structure sway mode and dominant roof anti-symmetric mode [22,23]. 
Equivalent lateral forces have also been proposed for medium-span 
domes with single-storey substructures using amplification factors, 
considering four predominant roof modes [24]. This method estimates 
the horizontal and vertical equivalent roof forces from the horizontal 
acceleration at the substructure roof level, roof nodal masses, 
modeshape-specific acceleration distributions and amplification factors 
that increase with the proximity of the substructure and roof modes. 
Later studies found this method to be accurate for a medium-span dome 
roof with a triple storey substructure where the substructure mass 
participation was dominated by the fundamental mode [25]. A similar 
approach was proposed by Khalili et al. [26], who studied single-layer 
barrel vaults (20–30 m span) and proposed behaviour and displace-
ment amplification factors as functions of the rise-to-span ratio. Jam-
shidi et al. [27] conducted pushover analysis using a special horizontal 
load pattern to account for higher modes, and obtained capacity curves 
for double-layer lattice domes. The amplification factor approach was 
recently adopted in a design manual published by IASS [21] for the 
preliminary seismic design of medium-span domes and cylindrical 
gridshells with single-storey substructures. Note that these studies were 
limited to elastic structures, although equivalent static forces have also 
been proposed for single-storey substructures with energy dissipation 
devices [23,28]. 

While these equivalent static force proposals cover typical cases such 
as school gymnasiums and small indoor arenas, they neglect higher 
substructure modes, which may be close to the dominant roof modes and 
exhibit significant mass participation for multistorey substructures. The 
authors previously investigated the interaction of 150 m long-span 
domes with multistorey substructures, which alternatively incorpo-
rated spine frames and buckling-restrained braces [29]. Despite 
reducing the roof response associated with the fundamental substruc-
ture mode, the elastic higher substructure modes interacted with the 
roof and significantly amplified the response. While confirming the 
substantial influence of higher substructure modes on the roof response 
for multistorey substructures, the same amplification factor curves were 
used for the roof interaction with both the first and second substructure 
modes. However, a wide range of ratios between the higher substructure 
and roof modes are conceivable, and the previously developed 

amplification factor curves [24] may need to be refined to avoid a gross 
overestimation or underestimation of the roof response. 

The present study investigates the effects of higher substructure 
modes on the roof response and develops amplification factors for dome 
gridshell roofs with multistorey substructures. A parametric study was 
performed for 60, 100 and 150 m double-layered domes featuring a 
range of substructure stiffness and roof-substructure mass ratios using 
response spectrum analysis. The overall response contribution of the 
dominant substructure mode, which need not be the fundamental sub-
structure mode, was investigated using a new ‘dominance response 
ratio’ that provides insight into the dynamic roof-substructure interac-
tion. Horizontal and vertical amplification factors were proposed to 
estimate the roof response generated by higher multistorey substructure 
modes. The proposed amplification factors were then applied to obtain 
combined roof accelerations, which may be used to design acceleration- 
sensitive non-structural components. A generalised equivalent static 
design procedure was then developed for domes with multistorey sub-
structures and validated against RSA, comparing against both the nodal 
displacements and member forces. 

2. Analysis models 

Prototype medium- and long-span double-layered dome roofs were 
selected, as double-layered lattices exhibit less complex dynamic char-
acteristics than the single-layer lattices and are ubiquitous in high 
seismic regions. Double-layered domes with depth-to-span (d/L where 
d is the vertical offset and L is the span) ratios exceeding 1/50 [24] 
exhibit four primary modes, with the three primary out-of-plane modes 
denoted ‘O1’, ‘O2’ and ‘O2.5’, and the in-plane mode ‘I’ (Fig. 1). Three 
roof models (Table 1) with 60, 100 and 150 m spans and a half sub-
tended angle (θ) of 30◦ were designed using SN490 steel (fy = 325 MPa) 
for three different dead loads (2, 2.44 and 3 kPa), respectively (Fig. 2 
(a)). The roof dead loads were determined considering a structural 
weight of about 1 kg/m2 for every meter of span [30], a 15% allowance 
for the connections, and 1.3 kPa nonstructural dead load, such as pur-
lins, cladding, ceilings, mechanical and electrical. The double-layer 
lattice member sizes and vertical offsets (d) between the section cen-
terlines are listed in Table 1. For simplicity, the double-layer lattice 
(Fig. 1(a-iii)) was modelled using equivalent beams with out-of-plane 
stiffness modification factors and moment connections (Fig. 1(a-iv)). 
The equivalent beam sizes were determined as shown in Fig. 1(a) such 
that the area of the beam (A) equals the combined area of the two sec-
tions of the double-layer lattice (2× A/2). The moment of inertia of the 
equivalent beam in the out-of-plane direction I3s was then increased by a 
modification factor m to match the moment of inertia of the double-layer 
lattice about the centerline I3d. All roof members were modelled as 
elastic beam elements, which is consistent with the common design 
philosophy where the roof lattice is designed to remain elastic [21]. 
Partial models omitting the substructure and pinning the roof lattice 
perimeter nodes were used to identify the roof modes and are denoted as 
‘roof models’. The roof geometry was modelled in Grasshopper [31] and 
imported to ETABS [32] for analysis. The roof member beams in ETABS 
were modelled as ‘frame’ objects which are general three-dimensional 
beam elements [33] including axial, biaxial shear, torsion and biaxial 
bending deformation [34]. 

The lateral force resisting system of the substructure consisted of a 
two-way moment-resisting frame (MRF) enveloping 24 circumferential 
bays of buckling-restrained braced frames (BRBFs) spaced equidistantly 
along the perimeter, as shown in Fig. 2(b). The substructure was 
designed to keep the MRF elastic, with the maximum inter-storey drift 
limited to 1% under a Japanese level-2 [20] earthquake (comparable to 
the design basis earthquake, DBE) on the West Coast, US [35]). There-
fore, the beams and columns were modelled using elastic beam elements 
with the section sizes listed in Table 2(b). The BRBs (arranged in a 
single-diagonal configuration for the shorter beam spans of the 60 m and 
100 m models and chevron configuration for the longer beam spans of 
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the 150 m models) were proportioned using Kasai’s damper distribution 
method [36], which targets a uniform inelastic storey drift up the 
building height. However, this study is focused on the general dynamic 
substructure-roof interaction and so the complexities of a yielding sub-
structure were omitted. Therefore, BRBs were modelled as elastic link 
elements using the initial axial stiffness (Table 2(a)). Note that although 
yielding may reduce the substructure response and elongate the first 
mode, this is an acceptable simplification as each roof-substructure 
mode pair is analysed separately. The focus of this study is to quantify 
the roof amplification where multiple substructure modes contribute to 
the response, and inelasticity is outside the scope of the present study. 
Nevertheless, it is anticipated that the proposed amplification factors 
will remain valid for a yielding multistorey substructure as well. 

Finally, the substructure floors were modelled as membrane ele-
ments and assigned as rigid diaphragms [32]. A 7 kPa uniform load was 
applied to all floors, giving the storey seismic weights listed in Table 2 
(a). To isolate the effect of the horizontal substructure acceleration on 
the roof response, a tension ring beam was included along the roof 
perimeter and pinned connections provided to both the substructure 
framing members and roof lattice, eliminating the local bending mo-
ments that would otherwise occur (Fig. 2(c)). Furthermore, the canti-
lever columns at the top storey were braced in the radial direction to 
avoid a soft storey. 

As a complement to the ‘roof model’, a ‘substructure model’ was 
analysed where the roof gridshell was replaced with a rigid diaphragm 
and lumped mass (Fig. 2(b)). A third ‘combined model’ was then con-
structed that includes both the roof gridshell and substructure (Fig. 2 
(c)). The two partial models were solely used to obtain the independent 
modal properties of the roof and substructure, while the combined 
model was used to obtain the seismic response and validate the 
analytical procedure. 

3. Single-storey substructures 

Before investigating the response of the multistorey models, the first- 
mode response characteristics were confirmed using single-storey 

substructure models to benchmark the response. The fundamental 
response characteristics are further clarified by first reviewing the 
amplification factor, demonstrating how the analytical response of a 
simple arch model relates to more complex 3-d behaviour of the models 
investigated in this paper. 

3.1. Amplification factor approach 

Seismic response amplification factors were previously derived 
analytically for a simple 2-d arch model by Takeuchi et al. [24]. The arch 
model shown in Fig. 3 has three masses, spring hinges and rigid axial 
stiffness, which captures the asymmetric out-of-plane mode shape that 
generally governs the dynamic response. The modal participation factor 
(βR1) and effective mass (MR1) of the asymmetric out-of-plane mode are 
expressed in Eqs. (1) and (2), where m is the diagonal nodal mass matrix 
and Ix is the identity vector with the x components. The in-plane 
effective mass (MR2) is then given by Eq. 3. This captures the modal 
mass of the axial vibration modes, but since the axial stiffness is assumed 
to be infinite [24], the spectral acceleration of these modes is identical to 
the input ground acceleration (SA2 = SAg). 

uT = u
[

sin
3
4

θ, − cos
3
4

θ, 2sin
θ
4
, 0, sin

3
4

θ, cos
3
4

θ
]

(1a)  

u = 2Rαsin
θ
4

(1b)  

βR1 =
uT mIx

uT mu
=

sin 3
4 θ + sin θ

4

u
(

1 + 2sin2θ
4

) (2a)  

MR1 =
(uT mIx)

2

uT mu
=

2m
(

sin 3
4 θ + sin θ

4

)2

1 + 2sin2θ
4

(2b)  

Fig. 1. (a) Equivalent single-layer beam modelling & (b) Four primary modes of a double-layered dome.  

Table 1 
Roof models: Member section sizes.  

Model Dead Load (DL) 
(kPa) 

Double-layer 
beam (mm) 

offset 
d (cm) 

Single-layer beam 
(roof member) (mm) 

m  Tension beam 
(mm) 

L60 2 2× I250× 125× 6× 9**  150 ϕ307.5 t7.5*  53.3 ϕ809 t9  
L100 2.44 2× I250 × 250 × 9 × 14  200 ϕ414.5 t14.5  50.7 ϕ1020 t10  
L150 3 2× ϕ511 t11  350 ϕ715.5 t15.5  51 ϕ2525 t25  

**I = I beam section, Dimensions: Height × Breadth × Web thickness × Flange thickness  
* ϕ = Outer Diameter, t = Thickness of circular hollow section   
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MR2 = MR − MR1 = 3m
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(
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⎟
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(3)  

The out-of-plane modal mass MR1 increases with the half-subtended 
angle θ, which corresponds to a greater contribution from the asym-
metric out-of-plane mode, while MR1 reduces to zero when θ = 0. The 
maximum response of the roof can thus be expressed by combining the 
base ground motion and out-of-plane mode’s response. The response 
amplification factors are defined as the response of roof divided by the 
base acceleration, which is equal to the peak ground acceleration SAg. 
Assuming the asymmetric mode TR lies on the constant acceleration 
region of the spectrum such that SA1 = SAP [24], the amplification 

factors FH and FV may be derived as the horizontal and vertical com-
ponents of F in Eq. (4). These equations have been previously validated 
using CQC and linear response history analyses [24]. 

AR =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(SA1βR1u)2
+

(

SA2Ix

(
MR2

MR

))2
√

(4a)  

F =
AR

SAg
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

SAP

SAg
βR1u

)2

+

(

Ix

(
MR2

MR

))2
√

(4b)  

This method was extended for raised roofs using the substructure-roof 
representation depicted in Fig. 4 [24]. The amplification factors for 
these cases are given by Eq. 5, which replaces the ground acceleration 
with the maximum acceleration at the top of the substructure Aeq and 

Fig. 2. Multistorey models.  

Table 2 
Substructure model data.  
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SA1 with the spectral acceleration of the out-of-plane modal roof mass 
MR1 (SA1 = SAR1) [24]. The equations were validated against response 
spectrum analyses results and linear response history analyses [24]. 

F =
AR

Aeq
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

SAR1

Aeq
βR1u

)2

+

(

Ix

(
MR2

MR

))2
√

(5)  

The same concept was then extended to more complex 3-d domes and 
cylindrical roofs with single-storey substructures using 3-d models 
modelled using beam elements. Since multiple roof modes (O1, O2, O2.5 
and I) contribute to the overall response, the amplification factors were 
obtained using results directly obtained from the response spectrum 
analyses. Simple horizontal and vertical amplification factor curves 
were proposed by dividing the peak roof response by the peak sub-

structure response [24]. Section 5 applies the same fundamental con-
cepts to domes with multi-storey substructures to study the roof- 
substructure interaction and quantify the effect of higher modes of the 
substructure on the roof response. 

3.2. Mass and period ratios 

The amplification factors arising from the roof-substructure inter-
action primarily depend on the mass (RM) and period (RT) ratios [24] 
defined in Eq. 6. These are formulated as ratios of the effective modal 
mass (sMeqi) and period (sTi) of the ith mode of the substructure model, 
which includes the roof mass, relative to the total roof mass (rMR) and 
period of the dominant O1 roof mode (rTR). Therefore, a larger RM or RT 
ratio represents a heavier and more flexible substructure, such that both 
ratios increase as storeys are added. For completeness, the effective 
modal mass, mass participation factor (Γi) and modal participation 
factor (βi) are given by Eq. (7), where m is the mass matrix and ϕi is the 
mode shape vector. 

Note that the preceding subscripts r, s and c are used in this paper to 
refer to the roof, substructure and combined models (Fig. 2 and 5), 
respectively. 

RMi =
sMeqi

rMR
, RM =

∑n

i=1
RMi, RTi =

sTi

rTR
(6) 

Fig. 3. Asymmetric mode of the 2-d arch model [24].  

Fig. 4. Raised roof response and combined model as an equivalent DDOF 
model [24]. 

Fig. 5. Single-storey models.  
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βi =
ϕT

i m{1}
ϕT

i mϕi
(7a)  

sMeqi =
(ϕT

i m{1})2

ϕT
i mϕi

(7b)  

Γi =
sMeqi

∑n

i=1
sMeqi

(7c)  

3.3. Roof-substructure interaction 

The effect of the mass (RM) and period (RT) ratios on the dynamic 
response are investigated in this section using the 100 m span models 
with single-storey substructures and a braced mezzanine (Fig. 5). The 
storey heights, seismic weight and frame sections are listed in Table 3 
and Table 4. The total seismic weights were calculated using the surface 
areas and dead loads (DL) applied to the roof which varied from 1 to 
3 kPa producing the roof periods listed in Table 4. Several different 
substructure stiffnesses were investigated by modifying the moment of 
inertia of the MRF beams and columns by a scale factor α, such that a 
higher α equates to a stiffer substructure. The periods and the mass 
participation factors of the first two substructure modes are given in 
Table 5. Here, the period ratio RT1 is the ratio of the first (T1) sub-
structure mode’s period (ranked in decreasing order of mass participa-
tion) to the roof’s O1 period. Note that T2 includes all of the 
translational modes with a single inflection point, while T1 refers to the 
translational sway modes. However, T1 or T2 modes about all axes have 
identical periods for the dome models considered in this study due to 
symmetry. 

Increasing the substructure stiffness decreased the fundamental pe-
riods of the combined model, but did not affect the cumulative mass 
participation factor of the modes featuring translational substructure 
sway, which was about 99% for most models (Table 5). This suggests 
that for first-mode dominated substructures, the roof response may be 
obtained from the peak acceleration at the substructure roofline (sAHeq) 
generated solely from the first substructure mode, and that higher 
substructure modes need not be considered. 

Eq. 8 defines the target design acceleration (Sa(cm/s2)) spectrum 
where Dh is the reduction factor to adjust the damping ratio from the 
base damping ratio hb = 5%. The spectrum was adjusted to an inherent 
damping ratio ho = 2% using Eq. 9 [20]. Mapping the periods of the roof 
and substructure models on the spectrum provides insight into their 
interaction (Table 6). The fundamental substructure mode always in-
teracts with the nearest roof mode. For example, the fundamental sub-
structure mode is much longer than all roof modes for the combined 
model with RM = 2.2 (1 kPa) and α = 1/6 (Table 6), and so the sub-
structure T1 sway mode dominates while only mildly interacting with 
the roof’s O1 mode (Table 7). Increasing the stiffness to α = 1 brings the 
substructure and roof periods closer together and produces a strong 
interaction between the substructure T1 and roof O1 modes. This 
interaction manifests as two modes in the combined model, with the T1 
and O1 modes interacting in and out of phase (denoted as O1 + T1 and 
O1-T1 in Table 7). Increasing the substructure stiffness by α = 6 once 

again produced dominant O1 + T1 and O1-T1 modes, although the cu-
mulative participation factor of the O1 + T1 and O1-T1 modes reduced 
slightly to 93%, with another 5% participation coming from the next 
closest roof mode (O2) to the substructure sway mode (T1). Thus, the 
roof-substructure interaction is strongly influenced by the relative 
proximity of their fundamental periods, and the response of roofs with 
single-storey substructures may be explained solely from the interaction 
of a sequential subset of roof modes with the substructure T1 mode. 

Sa(T) =

⎧
⎪⎪⎨

⎪⎪⎩

350Dh
350Dh(T/0.05)(1+log(5/7)/log4)

1000Dh
1000Dh/(T/2π)

(T ≤ 0.05)
(0.05 < T ≤ 0.2)
(0.2 < T < π/5)

(π/5 ≤ T)

⎫
⎪⎪⎬

⎪⎪⎭

(8)  

Dh =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(1 + 75hb)/(1 + 75ho)

√
(9)  

4. Multistorey substructures 

4.1. Parametric study: Varying substructure stiffness and mass ratios 

The multistorey substructure models defined in Section 2 are inves-
tigated in this section. As discussed in Section 3.2, the roof dead load 
ranged from 1 to 3 kPa, while the substructure loads were held constant 
and the substructure stiffness adjusted by modifying the moment of 
inertia of MRF members and axial stiffness of the BRBs by a scale factor 
α. Each model was labelled L-DL-κ where κ denotes the roof dead load 
(kPa). 

The period ratios (RTi) and combined model mass participation fac-
tors (Γi) for the first two translational substructure mode shapes are 
plotted in Fig. 6. Here, the period ratios RT1 and RT2 are the ratios of the 
first (T1) and second (T2) substructure periods (ranked in decreasing 
order of mass participation) to the roof’s O1 mode (rTR in Eq. 6 and 
Table 4). Note that the substructure modes are denoted by the mode 
shape, where T1 is a sway mode, while T2 and T3 feature increasing 
numbers of inflection points. Increasing the substructure stiffness 
decreased the period and participation factor of the first mode, indi-
cating an increased contribution from the higher roof and substructure 
modes. The T1 modes have a mass participation factor of around Γ1 =

60–80%, with the remaining participation coming from the higher 
substructure modes. This implies that the peak acceleration of the sub-
structure (sAHeq) cannot be obtained solely from the substructure T1 
mode, and that it may be important to include the contributions of the 
higher substructure modes, specifically those needed to achieve a min-
imum cumulative participation factor of 90% [17,19]. 

Table 3 
L100: Single-storey substructure model data.  

Table 4 
L100 roof models: Seismic weights, periods (s) and mass participation (%).  

Roof dead 
load (kPa) 

Weight 
(kN) 

O1 (rTR)  O2 O2.5 I 

1 8410 0.25s, 
(18%) 

0.14s, 
(5%) 

0.07s, 
(57%) 

0.05s, 
(6%) 

2 16820 0.35s, 
(18%) 

0.20s, 
(5%) 

0.11s, 
(57%) 

0.07s, 
(6%) 

3 25230 0.43s, 
(18%) 

0.24s, 
(5%) 

0.13s, 
(57%) 

0.09s, 
(6%)  
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The roof and substructure periods are mapped on the design spec-
trum in Tables 8,9. Unlike the single-storey cases, both the substructure 
T1 and T2 modes interact with the nearest roof mode. For example, 
consider the mode shapes of the 100 m combined models shown in 
Table 10. For the combined model L100-DL-3 α = 1/6, the first sub-
structure mode (T1) is much longer than the roof modes (Table 9) and 
only weakly interacts with the roof O1 mode, as shown in Table 10. 
However, the substructure T2 mode strongly interacts with the roof O1 
mode. Increasing the substructure stiffness to α = 1 results in increased 
interaction between the substructure T1 and roof O1 modes, as well as 
between the substructure T2 and roof O2 modes, which have nearly 
identical periods. The third mode features the roof O1 mode mildly 
interacting with the substructure T1 mode. This trend is further 

accentuated for the stiffer α = 6 model, with the first and second modes 
exhibiting a strong interaction between the substructure T1 and roof O1 
modes, but with a lower mass participation than the α = 1/6 and 1 cases. 
The third mode features the substructure T2 mildly interacting with the 
roof’s higher O2.5 mode. 

Therefore, the dynamic characteristics of roofs with flexible multi-
storey substructures (α = 1/6 and α = 1/36) are governed by the domi-
nant roof mode O1 interacting with the closest substructure mode and 
the higher roof modes remain unexcited. On the other hand, when the 
T1 and T2 modes of stiffer multistorey substructures (α = 1 and α = 6) 
are closer to the O1 roof mode, the roof-substructure interaction is far 
more complex, exciting the O1, O2, O2.5 and I roof modes. Although the 
interacting pairs depend on the proximity of the respective substructure 

Table 5 
Single-storey L100 substructure models: Periods (s) and mass participation (%).  

Table 6 
Single-storey L100 models: Roof and substructure periods.  
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and roof modes, combinations of the fundamental roof (O1 and O2) and 
substructure (T1 and T2) modes (e.g. O1 + T1, O2 + T2 and O1 + T2) 
tend to dominate. Furthermore, each substructure mode tends to be split 
into multiple combined modes, for example O1 + T1, O1-T1 and I + T1, 
each attracting a portion of the mass participation of the underlying 
substructure mode. 

The seismic response of domes with multistorey substructures may 
therefore be interpreted as a combination of response from both T1-roof 
and T2-roof interactions. These interactions are further quantified in the 
following subsection. 

4.2. Dominance Response Ratio 

To distinguish the contributions of the substructure T1 and T2 modes 
to the peak response, a dominance response ratio DRi is introduced. This 
ratio identifies the acceleration response contribution of the ith sub-
structure mode (cAi) to the overall peak roof acceleration (cASRSS) 
calculated using the SRSS modal combination rule (Eq. 10). As the 
response is sensitive to the selected location, the horizontal and vertical 
ratios are reported at the node producing the maximum combined 
resultant response (usually a node near the quarter points). Therefore, 
DR1 and DR2 represent the combined response contribution of all modes 
exhibiting a substructure T1 or T2 mode, respectively. 

DRi =
cA2

i
( ̅̅̅̅̅̅̅̅̅̅̅̅̅

∑n

i=1
cA2

i

√ )2 =
cA2

i

cA2
SRSS

(10)  

Response spectrum analysis (RSA) was conducted for each combined 
model using the elastic BRI-L2 design spectrum [20] adjusted to a 
constant damping ratio of 2%. The dominance ratios in the horizontal 
and vertical directions were calculated using the critical node’s accel-
eration results following Eq. 10 (Fig. 7). The horizontal dominance ra-
tios were evenly divided between the T1 and T2 modes for longer period 
substructures, while the T1-roof interaction dominated for stiff sub-
structures with RT1 < 2, with a horizontal T1 dominance ratio of 
DR1 > 80%. Furthermore, the vertical T1 dominance ratio DR1 peaked 
at almost 100% for stiff substructures with RT1 < 1 such that the T1-roof 
interactions governed, but reduced for cases with 1 < RT1 < 2 due to the 
increasing contribution of the T2-roof interactions and finally became 
negligible for flexible substructures with RT1≫2, as the substructure 
period was too long for significant interaction. Similarly, the vertical T2 
dominance ratio DR2 peaked at almost 100% for RT2 ≈ 1 and became 
negligible for longer substructure periods with RT2≫2. This suggests 
that the vertical response contributions are more sensitive to the period 
ratios for multistorey structures and the vertical roof response is pri-
marily a result of the T1-roof and T2-roof interactions for all but the 

Table 7 
Single-storey combined models: Periods (s), mass participation (%) and mode shapes.  
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Fig. 6. Multistorey models: Effects of varying the mass and substructure stiffness.  

Table 8 
Multistorey models: Roof and substructure periods (L60 models).  
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most flexible multistorey substructures (RT1≫2). For flexible sub-
structures, the vertical T2 dominance ratio occasionally dropped due to 
resonance of higher substructure modes (e.g. T3) with the roof O1 mode. 
To summarise, the peak horizontal response is always a combination of 
the T1-roof and T2-roof interactions, while the peak vertical response is 
primarily governed by the T1-roof interaction for extremely stiff struc-
tures, followed by a combination of the T1-roof and T2-roof interactions 
for moderately stiff substructures and negligible interaction for flexible 
substructures. 

5. Amplification factors for higher substructure mode 

Before quantifying the T2-roof interactions, the following section 

reviews the previously proposed amplification factors for T1-roof 
interactions. 

5.1. Substructure T1 mode amplification factor 

The T1-roof interactions are characterised by the amplification fac-
tors FH1 and FV1 [24] given by Eq. (11). Note that a vertical calibration 
factor Cvθ (Eq. (11)) of 1.85θ was previously proposed based on a nu-
merical study investigating the influence of the half-subtended angle on 
the peak vertical acceleration [24]. 

Table 9 
Multistorey models: Roof and substructure periods (L100 and L150 models).  
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Table 10 
Multistorey combined models: Periods (s), mass participation (%) and mode shapes.  
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FH1 =

⎧
⎨

⎩

3 (0 < RT1 ≤ 5/36)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
5/(4RT1)

√
(5/36 < RT1⩽5/4)

1 (5/4 < RT1)

⎫
⎬

⎭
(11a)  

FV1 =

⎧
⎨

⎩

3CV θ (0 < RT1⩽5/16)
(

̅̅̅̅̅̅̅̅̅̅̅̅
5/RT1

√
− 1)CV θ (5/16 < RT1⩽5)

0 (5 < RT1)

⎫
⎬

⎭
(11b)  

FH =
cAHmax

sAHeq1
, FV =

cAVmax

sAHeq1
(12)  

where, 

sAHeqi = sβisSaisϕi (13) 

Fig. 8 compares the previously proposed amplification factors to the 
results obtained using Eqs. 12 and 13, plotting both against the T1 
period ratios. Although the single-storey (SS) models are in good 

agreement with the previous proposal (Fig. 8), the multistorey (MS) 
models exhibit significantly higher amplification factors, especially in 
the vertical direction for RT1 > 2. This excess response may be attributed 
to the amplification arising from the substructure T2 mode, which is 
close to the roof’s predominant modes in this region (Fig. 7). This re-
iterates the need to characterise the T2-roof interactions and incorporate 
them in the amplification factor for multistorey substructures. 

5.2. Substructure T2 mode amplification factor 

To quantify the relationship between amplification factors FH2 and 
FV2 and the period ratio RT2 (obtained following Eq. 6), the higher mode 
amplification factors were back-calculated by subtracting the funda-
mental substructure T1 mode response (FH1sAHeq1 and FV1sAHeq1) from 
the combined peak responses (cAHmax and cAVmax) obtained from RSA. 
The CQC rule was adopted and a sufficient number of modes were 

Fig. 7. Dominance response ratios as a function of period ratios.  

Fig. 8. L100 single-storey(SS) and multistorey(MS) models’ response compared to the previous proposal.  
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considered to achieve at least a 90% combined translational modal mass 
participation. To accurately capture the response only from the T2 
mode, participation from higher substructure T3 or T4 modes were not 
considered. This excess response was then divided by the peak response 
of the substructure T2 mode (sAHeq2), as given by Eq. (14). The peak 
substructure responses sAHeq1 and sAHeq2 were calculated using the 
spectral accelerations Sai and Eq. 13. The resulting amplification factors 
are plotted in Fig. 9 and compared to the proposed substructure T2 mode 
amplification factors, which are given in Eq. (15) as a function of the 
period ratio RT2. 

FH2 =
cAHmax − FH1sAHeq1

sAHeq2
(14a)  

FV2 =
cAVmax − FV1sAHeq1

sAHeq2
(14b)  

FH2 = 1 (15a)  

FV2 =

⎧
⎪⎪⎨

⎪⎪⎩

0
6CV θ(RT2 − 1/5)

3CV θ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
5/(RT2 − 1)

√
− 1

)
CV θ

RT2 ≤ 1/5
1/5 < RT2 < 7/10

7/10 ≤ RT2 ≤ 21/16
RT2 > 21/16

⎫
⎪⎪⎬

⎪⎪⎭

(15b)  

The horizontal response amplifications FH1 were sufficiently conserva-
tive to cover the mild amplification arising from the substructure T2 
mode and so a constant amplification factor of FH2 = 1 is proposed 
(Fig. 9). However, significant amplification is observed in the vertical 
direction, which may be interpreted as the FV1-RT1 (Fig. 8) distribution 
shifted to the right. The plateau region of this curve (Fig. 9) is primarily 
attributed to the substructure T2 mode interacting with the roof O1 or 
O2 modes. For extremely stiff substructures with RT2 < 0.2, FV1 tends to 
cover the mild T2-roof interactions, and so it is proposed to set the 
vertical amplification of the substructure T2 mode to zero in this region 
and gradually increase to a peak at RT2 ≈ 1. This may also be seen in 
Fig. 7, where the vertical DR2 reduces to zero and the vertical DR1 
almost reaches unity for RT1 < 1, indicating a dominant substructure T1 
response. For a longer RT2, FV2 gradually decreases to zero as the T2 
mode and roof modes spread further apart, decreasing the interaction 
and amplification. 

5.3. Resonance effect with high mass ratios 

Large-scale gymnasiums and auditoriums are typically designed with 
steel roofs and reinforced concrete substructures, which tend to be 
heavier than steel frames, resulting in larger substructure mass ratios 
RM. Heavy substructures with RT1 < 1.5 produce significant resonant 
amplification between the T1 and O1 modes, increasing both the hori-
zontal and vertical responses, as noted by Takeuchi et al. [24]. This has 

been accounted for by modifying the amplification factors to F′

H1 and F′

V1 
when RM1 > 2, as given by Eq. (16) [24]. 

F′

H1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F2
H1 +

1
(1 − R2

T1)
2
+ (1/RM1)

θ

√

(16a)  

F′

V1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F2
V1 +

1

(1 − R2
T1)

2
+ (1

/
RM1)

√
√
√
√ (16b)  

Domes with multistorey substructures have even heavier substructures, 
which result in larger mass (typically RM1 > 4) and period ratios (typi-
cally RT1 > 2) than single-storey substructures. This means that the 
substructure T1 and roof O1 modes are farther apart, reducing the po-
tential for resonance with the substructure T1 mode. However, RT2 may 
be close to 1, suggesting that the substructure T2 mode may be in 
resonance with the roof O1 mode. To investigate the T2-O1 resonance 
effects in structures with heavy substructures, three additional L = 100 
or 150 m models were constructed with the substructure floor loads 
increased to 20 (L100-DL-1-RM2-6), 30 (L150-DL-1-RM2-7) or 60 kPa 
(L150-DL-1-RM2-13), which resulted in mass ratios of about RM1 = 23, 25 
and 49 for the substructure T1 modes, and RM2 = 6, 7 and 13 for the 
substructure T2 modes, respectively. 

The back-calculated substructure T2 mode amplification factors from 
Eq. (14) are compared to Eq. (15) in Fig. 10. For RT2 ≈ 1, the proposed 
curves (Eq. (15)) are conservative enough to cover the mild T2-O1 
resonance effects arising in the high RM2 models. Therefore, additional 
amplification for T2-O1 resonance is not required for domes with mul-
tistorey substructures and high mass ratios. 

5.4. Proposed design procedure to estimate peak response 

This section summarises the proposed design procedure (Fig. 11)) to 
obtain the peak roof accelerations and equivalent static forces for the 
preliminary seismic design of roofs with multistorey substructures.  

1. Perform eigenvalue analysis of the substructure and roof models 
(Fig. 2(a) and 2(b)) to obtain the substructure T1 and T2 modes and 
roof O1 mode. The cumulative mass participation (Γ1 in Eq. (7)) from 
the first two substructure modes should be at least 90%. If the mass 
participation from the first substructure mode exceeds 90%, the ef-
fect of T2-roof interactions need not be considered (i.e. sAHeq2 may be 
taken as 0).  

2. Calculate the peak accelerations (sAHeqi) for the two substructure 
modes using Eq. 13.  

3. Calculate the period (RT1,RT2) and mass (RM1,RM2) ratios from Eq. 6. 
Apply these ratios to compute the roof amplification factors FH1 (or 
F′

H1), FH2, FV1 (or F′
V1) and FV2 using Equations (11), (15), and (16). 

Fig. 9. Proposed amplification factors for higher mode.  
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4. Compute the amplified horizontal (cAHi) and vertical (cAVi) acceler-
ations to the roof according to the mode-specific distributions. The 
dominant roof O1 mode is adopted for the envelope, which has the 
distributions given by (Eqs. (17) and (18)) [24], where x and y are 
the coordinates of roof nodes, the roof center is located at {x, y} =
{0,0} and L is the span of the dome. 

cAHi(x, y) = sAHeqi{1+(FHi − 1)cos
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√

L
} (17)  

cAVi(x, y) = sAHeqiFVi
x

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√ sin
2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√

L
(18)    

5. Combine the modal accelerations at each node using Eq. (19) to 
obtain the combined response envelope. This study uses an absolute 
summation rule. The equivalent static seismic forces for each node 
may then be computed from the nodal mass mk and acceleration 
cAH(x, y) or cAV(x, y) at position (x, y) using Eq. (20). 

cAH(x, y) =
∑2

i=1
∣cAHi(x, y)∣ (19a)  

cAV(x, y) =
∑2

i=1
∣cAVi(x, y)∣ (19b)  

fH(x, y) = mkcAH(x, y) (20a)  

fV(x, y) = mkcAV(x, y) (20b)   

5.5. Results 

The proposed method was applied to obtain the overall peak 
response for each model. The detailed results for the L150-DL-1 model 
are shown in Fig. 12. The individual modal contributions from the 
response spectrum analyses (labelled ‘RSA T1’ and ‘RSA T2’) are also 
compared with the proposed equivalent static responses (labelled ‘Pro-
posed T1’ and ‘Proposed T2’). 

Models with flexible substructures (α = 1/36) produced relatively 
small roof responses due to the long substructure periods. The flat 
horizontal response envelope indicates minimal amplification, while the 
vertical response is almost negligible. Thus, the horizontal acceleration 
input from the substructure is more significant in these cases. Note that 
the models with RT2 > 2 have fundamental periods of around 3s (Fig. 6 
and Table 9), which is unusual for shorter multistorey substructures but 
may occur for taller buildings supporting roofs at height. Models with 
slightly less flexible substructures (α = 1/6) exhibited a vertical roof 
response dominated by the T2 mode interaction. These are representa-
tive of yielded substructures with an elongated first mode. Models with 
stiffer substructures (α = 1) generated a response combining the sub-
structure T1 and T2 modes. In these two cases, the exclusion of the T2 
mode will underestimate the response. As the substructure stiffness is 
further increased (α = 6), the vertical response becomes much larger and 
the response is dominated by T1 mode, while retaining a modest 
contribution from the substructure T2 mode. The proposed method is 
thus in good agreement with the actual response over this full range of 
substructure stiffness. 

The proposed equivalent static loads (Eq. (20)) were then applied to 
the roof model (Fig. 2(a)) and the equivalent static analysis results 
compared to the RSA response of the combined model (Fig. 2(c)). For 
comparison, results accounting only for the substructure T1 mode 
(sAHeq1) with the corresponding roof amplification factors (FH1 and FV1) 
are also shown and labelled ‘T1’. This is representative of the method 
presented in the current IASS design guideline [21], which estimates the 
equivalent static loads from the roof’s interactions with the first sub-
structure mode alone. The results including the higher mode contribu-
tions are labelled ‘T1 + T2’. The improvement in estimation may be 
measured by comparing the parameters rfT1 and rfT1+T2 in Eq. (21) 
which are defined as the median ratios of the responses obtained from 
the static analyses by the proposed method (rT1 and rT1+T2) to the re-
sponses obtained from the response spectrum analyses (rRSA) calculated 
for all the roof members. rf < 1 suggests that the response obtained from 
the equivalent static loads underestimate the actual response and simi-
larly, rf > 1 indicates a conservative estimate of the response. The es-
timates for the L100 models are listed and the values for the α = 1 
models are compared in bar-plots for all the four response parameters in 
Fig. 13. It was observed that only considering T1 mode severely un-
derestimates the responses for all cases with rfT1 around 0.5 except for 
α = 6 models where the substructure first mode dominates the response 
and rfT1 > 1. The bending moments were generally the most 

Fig. 10. Effect of high mass ratio RM2 on higher mode amplification.  

Fig. 11. Simplified method to estimate static loads for domes.  
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underestimated, and the axial forces the least. Adding the T2 mode’s 
contribution improved this value by as much as 200% for the flexible 
α = 1/6 models and the smallest improvements of around 30% were 
observed for the stiff α = 6 models with the responses for all the cases 
generally conservative (rfT1+T2 > 1). 

r fT1 = median
(

rT1

rRSA

)

(21a)  

r fT1+T2 = median
(

rT1+T2

rRSA

)

(21b)  

where r is the response parameter: Dh =Horizontal displacement, 
Dv =Vertical displacement, N =Axial force and M = Bending moment. 

The member responses of L100-DL-2 model are also compared in 
detail in Fig. 14. For α = 1/6, considering the contribution from T2 
mode increased the accuracy of both the horizontal and vertical 
displacement responses by about 50%. Similarly, for α = 1 model, there 
was an improvement of 40% in the accuracy of the horizontal and ver-
tical displacement responses when compared to the estimated response 

only considering T1 mode. Further, adding the contribution of T2 mode 
reduced the number of members with underestimation in the forces. 
Considering just the T1 mode underestimated the axial forces of 68% of 
the roof members and bending moments of 99% of the members. The 
current proposal of combining T1 and T2 showed significant improve-
ments in these values with just 8% and 28% of the members with 
underestimated axial forces and bending moments respectively. This 
suggests that the bending moments have greater variation and are more 
sensitive to the excited mode shapes of the roof. For very stiff sub-
structures where α = 6, the T1 mode dominates the response and the 
current guideline of using T1 mode results in sufficiently conservative 
response estimates with just about 11% of the bending moments being 
underestimated and 2% of the axial forces. Considering the relatively 
small contribution of T2 mode resulted in slightly more conservative 
estimates of the member responses. Thus, including the higher sub-
structure T2 mode (sAHeq2) using the corresponding roof amplification 
factors (FH2 and FV2) significantly increases the accuracy of the member 
responses by providing a more conservative response, especially for 
models with 1/6 < α < 1 (Fig. 14), which is the expected range for 

Fig. 12. (a) RSA response: Contour plot of horizontal (top) and vertical (bottom) accelerations (m/s2). (b) Comparison with proposed response: Horizontal (top) and 
vertical (bottom) accelerations. 
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Fig. 13. L100 models: Comparison of response estimation methods.  

Fig. 14. L100-DL-2 model: Comparison of proposed response with and without higher mode effects.  
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realistic multistorey substructures. Note that the complexities of a 
yielding multistorey substructure were omitted, which may be an area of 
further study. 

6. Conclusions 

This paper investigated the effects of higher modes of multistorey 
substructures on the seismic response of dome gridshell roofs using 
response spectrum analysis. Horizontal and vertical amplification fac-
tors were proposed to quantify the interaction between the roof and 
higher multistorey substructure modes. 

The following conclusions were drawn from this investigation:  

1. The dominant modes depend on the proximity of the dominant 
substructure and roof mode periods, with the substructure T1 and T2 
modes typically combining with the nearest roof mode. Flexible 
multistorey substructures (α = 1/6 and α = 1/36) are governed by 
the roof O1 mode interacting with the closest substructure mode, 
while the higher roof modes remain unexcited. Stiffer multistorey 
substructures (α = 1 and α = 6) with the T1 and T2 modes close to the 
roof O1 mode exhibit complex roof-substructure interaction, with 
significant excitation of the O1, O2, O2.5 and I roof modes.  

2. The relative contributions of the substructure T1 and T2 modes to the 
combined acceleration response were investigated using a domi-
nance response ratio, which includes both the spectral acceleration 
and mass participation effects. The influence of T2 mode on the 
vertical acceleration response was found to peak when period ratio 
RT2 ≈ 1 as T2 dominance ratio DR2 peaked at almost 100% and 
became negligible for longer substructure periods with RT2≫2. The 
contribution to horizontal response was investigated using the hor-
izontal dominance ratios which were more evenly divided between 
the T1 and T2 modes for longer period substructures, while the T1- 
roof interaction dominated for stiff substructures with RT1 < 2, 
achieving a horizontal T1 dominance ratio of DR1 > 80%.  

3. The vertical response amplification was found to be sensitive to the 
period ratios of the T1 and T2 modes to the roof O1 mode (RT1 and 
RT2) with peak amplification from the T2 mode FV2 reaching up to a 
value of 3 as RT2 approached 1. The horizontal response amplifica-
tion (FH) was primarily a result of the substructure T1 interacting 
with the roof’s predominant modes (FH1) while the peak amplifica-
tion contribution from T2 mode towards the horizontal response 
(FH2) was found to around 1.  

4. Single-storey substructures and first-mode dominated substructures 
may obtain the peak roof response solely from the first substructure 
mode (the current IASS method), but neglecting higher substructure 
modes underestimated the peak horizontal and vertical accelerations 
for all the multistorey substructures with a significant T2 mode 
(α < 6 or RT2 > 0.2).  

5. Simple equations were proposed to account for the amplification 
induced by the substructure T2 mode based on the T2-roof period 
ratios and to obtain equivalent static loads for preliminary seismic 
design, significantly improving upon the current IASS method for 
multistorey substructures. The greatest benefit was for substructures 
with dominant T2 modes (1/6 < α < 1 and 0.2 < RT2 < 2)), 
reducing the percentage of roof members with underestimated forces 
from around 70% to 6%, while it produced similar accuracy for 
stiffer first mode dominated substructures (α = 6), where the T1 
mode’s contribution alone produced a conservative response 
estimate. 
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